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Abstract. In the study of level spacing functions for the eigenvalues of random matrices,
Mahoux and Mehta studied the functions S(r), A(r) and B{s) related to certain Fredholm
determinants. These functions can be expressed in terms of the fifth {or the third) Painlevé
transcendents. The asymptotic behaviour for £ — oo of these functions and their derivatives
with respect to a parameter were derved by them except for an unknown constant. Using
Jimbo’s method of monodromy preserving deformations, we connect the behaviour of the fifth
Painlevé transcendent at ¢ = 0 and at ¢ = oo, thus determining the unknown constant,

1. Introduction

In the study of random matrices, the statistics of spacings of the eigenvalues can be
expressed in terms of certain Fredholm determinants and their derivatives. These Fredholm
determinants in turn are related to the fifth or the third Painlevé transcendents. Our aim is to
connect the asymptotic behaviour of these Painlevé transcendents at ¢t = 0 and ¢ = oo, thus
completing the asymptotic analysis of the Fredholm determinants carried out by Mahoux
and Mehta [1].

Nonlinear differential equations appear in many branches of physics, e.g. in statistical
mechanics [2], quantum field theory [3] and random matrices [1]. Painlevé considered the
general second-order equation y” = F (t, y, y’) where the function F is rational in y, y',
analytic in ¢, and the location of any singularities other than simple poles, of the solution y(#)
be independent of the initial conditions. By an exhaustive study Painlevé and Gambier [4]
found that the solutions of all such equations can be expressed either in terms of the known
classical functions (solutions of linear equations and of nonlinear first-order equations} or
in terms of solutions of six particular such equations. The solutions of these last mentioned
six equations give new transcendental functions which are named as Painlevé-1 (P1), ...,
Painlevé-6 (P6).

Many of these physical problems, where one of the Painlevé functions appear, require
one to express an asymptotic behaviour of the function in one region in terms of the boundary
conditions specified in some other regions. These connection problems have been studied
in many ways. One of these techniques makes use of the fact that Painlevé equations also
appear as the integrability conditions of certain coupled linear partial differential equations
{PDEs) or Lax pairs. We use such 2 x 2 matrix partial differential equations to study those
P5 equations which admit a one-parameter family of solutions at the origin and connect the
asymptotic expansion y(¢, z) at t — 00,z — 1 with the expansion about ¢ = 0. A similar
connection problem for P5, but with different asymptotic limits, was studied by McCoy
and Tang [6] by using WKB techniques where they connect the two-parameter asymptotic
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expansion y(t, s, o'} for a class of P35 at r = oo (also for £ — ico) with the two-parameter
expansion about ¢ — 0 (with 5 and o as two parameters). The asymptotic behaviour of P35
for t — oo and ico are the physical regions for the transverse Ising model and Bose gas
problems, respectively [6]. The case, we are going to consider in this paper, requires a
study of asymptotic behaviour not only at £ — oo but also at z — 1 (both limits taken
simultaneously). It is in this asymptotic limit that PS appears in the Fredholm determinants
related to the spacing distribution of eigenvalues in random matrix theory (RMT). Note here
that the parameter z appearing in our case does not remain fixed as + — oc (in fact a
function of ¢ and z is kept fixed, to be explained later in this paper), contrary to the case
considered by McCoy and Tang where the two parameters s and o are kept fixed at certain
values (see [6] for details).

This paper is organized as follows. Subsection 2.1 gives a summary, relating Painlevé
equations to the Fredholm determinants appearing in RMT. In subsection 2.2, we briefly
review the definition of monodromy data and monodromy preserving deformations. For later
use, we also discuss the monodromy data associated with the system of 2 x 2 PDEs whose
coefficient matrices give rise to the fifth Painlevé equation under monodromy preserving
condition. The ¢+ — O limit of P5 has already been worked out by Jimbo [7] and, as
we intend to use this result to get rid of unknown constants in our r — oo limit of P35,
we maintain the same parametrization to describe the monodromy data as that used by
Jimbo. Section 3 contains the procedure that we will follow to obtain our result. Section 4
determines the behaviour of PDES in the ¢ — oo limit. Section 5 contains the solutions
of these limiting forms of PDEs which finally lead to the y(t — oo) solution. Section 6
deals with the special cases of P5 and their application to the random matrix problem.
The purpose of this section is to determine the value of a constant @ which appears in
the derivatives of certain Fredholm determinants {discussed briefly in subsection 2.1). The
asympiotic analysis carried out by Mahoux and Mehta [1] for these determinants presents
us with a solution with an unknown constant ¢. By comparison with earlier work, they
guess the value to be /7 /8. Section 6 shows that their guess is correct.

2. Prelimnaries

2.1. Relation between RMT and the Painlevé transcendent

It has been shown [1] that the Fredholm determinant
o0
Fiz,ny=]]11=2:)] @.1)
=0

of the integral equation

1 = [ Kaniorey (22)
with the kernel K given as
N sin(x - y)r
K(x,y)= G (2.3)

appears in the spacing distributions of the eigenvalue spectra of RMT.
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Consider the function Eg(n, 1), the probability that a randomly chosen interval of length
2t, measured in units of the local mean spacing, contain exactly » eigenvalues. For a general
value of 8, the Eg(n, ) are essentially the linear combination of Fredholm determinants [8].
For example, for the unitary ensembie (8 = 2), one has

Exn, ) = — (;—f) F(z, )l 2.4)

where F(z,t) is given by (2.1).

The relation between the function Ez(n, t) and F(z,1) for the orthogonal ensemble
{8 = 1) and the symplectic ensemble (8 = 4) is more complicated and contains a linear
combination of the latter [1]. In fact, it is convenient to study Eg’s for these cases by
defining Fredholem determinants F; and F_ as follows:

Fp =[]l - zhu()] (2.5)
=0

= ]_[ [1 - zhaipi ()] 2.6
i=0

where the eigenvalues A; are ordered as 0 € Ap € A; € -+ £ 1 and the corresponding
kernels K. appearing in the integral equation (2.2) are

Ke(x, y) =3 [K(x, ))EK (5, 3], 2.7)

Mehta [8) further introduces three new functions, namely, A(z,?), B(z t) and S(z,¢)
where the first two can be written in terms of F.. as

18
Az, )= -5 [log Fi(z, £) + log F-(z, 1)] (2.8)
B(z,t) = ‘%;?‘ [log Py (z, 1) —log F_(z, )] (2.9)

and the third, namely §, is completely determined by the nonlinear differential equation

I:—S + 8= s*(s2 (5")%). (2.10)
and the initial condition $(z,0) = 1. Any one of these functions §, A and B completely
determine the two other and each of them satisfies a nonlinear differential equation. A
detailed information about these functions can be found in [1]. It is the relation of these
functions §, A and B with the fifth or third Painlevé transcendent (as shown in [1]) which
formally relates the fluctuation measures of RMT with the latter. For example, S can be
expressed as follows (for simplicity of notation, we express S in terms of

T="nt t=2/m (2.11)
(R+1iI)

S= 7

(2.12)
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with R and 7 real. If one writes the following equations:

(R+ T} = 3(R— /7) (2.13)
(I 4+ 7) = xU - J7) (2.14)

then both y; and y; satisfy the fifth Painlevé equation which is

&y (1 1 dy\*> 1dy cy—1>2( B BICERY)
F‘(F"ﬁ)(ﬁ?) R °””+3?)+”r+ -0

(2.15)

with constants @ = —f = 3’—2, y =0 and § = —2. Similarly one can relate A and B with
P5 or P3 with different values the of constants e, 8, » and 8 [1].

To gain an insight in the asymptotic behaviour of spacing distributions of RMT, Mahoux
and Mehta studied the asymptotic expansion of §(;, ¢} around ¢ = 2/7 and for large
positive values of r, which can be written as follows, {recall here that { = 2/7 implies
z = 1, a value at which we need to evaluate the derivative of F, to calculate Ep; see
equation (2.4)):

Zt "
S, = \/_ Z[al(f——)-ﬁ] $a (1) (2.16)

with an undetermined constant o;; here S,(z) = R,(7) +il,(tr) with both R, and I, having
asymptotic expansions in 1/7 {I].

The need to determine the value of the constant oy persnades vs to undertake the present
study where we first study the behaviour of P35 under similar limiting conditions, namely

T = 00 t— 2 (;’ - %) % /./T = constant .17

and then use the following equality to calculate a:

) le "
¥»l(t, ) [Ro(f) -1+ ; [ﬂfl (Q’ ~ —) ﬁ:l Rn(f)-J
= R(r)+1+f:[a (;—E)i]n}?(r) (2.18)
4] 3 s 1 pe ﬁ H .

where equation (2.18) follows from (2.12), (2.13) and (2.16).

2.2, Generalities on Painlevé transcendent

Earlier studies [5] on Painlevé equations have shown that for each Painlevé trascendent, a set
of 2 x 2 linear partial differential equations (PDEs) can be defined where the former appear
in the coefficient matrices of the later. This allows us to study the asymptotic behaviour of
these trancendents by analysing the related PDEs in the corresponding asymptotic limit. We
will discuss here the case for fifth Painlevé transcendent only [7).
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Consider the following 2 x 2 system of linear partial differential equations:

Ay (x, 1) _ |Ao(r) AT} 1

o —[ p +x_r+( 0)]¢(x,r) (2.19)
x.7) __ AD)

Fra SVxT) (2.20)

where Ag and A, are 2 x 2 matrices

by —u(@o+v)
A(m) = _(2+0) (221)
— (%= 4 & il 6 4 8
Aﬂﬂ={4_f§+§+? uﬂ?+i+2+ﬂ] @.22)
T (F-3+34n) (B34
1 {0
Diag[Ao(r)+A1(r)]=—§( i ) (2.23)

where the eigenvalues of Ay and A, are i%@g, i%@.; and v, u, y are functions of r. The
¥ (x, T) in the above is a 2 x 2 matrix. The integrability condition of equations (2.19) and
{2.20) imply that

[c410)12] [(Ao@)s + &)
[(Ao(tN 2] [(A1ENy + 2]

y=yr)= (2.24)

satisfies the nonlinear ordinary differential equation (2.15) with constants «, 8, ¥, 8 given
by

o=gl—6+0x)°  y=1-6—0

(2.25)
B = —% (6o — 61 — 6:0)? §=-1.

Note here that equations (2.13)-(2.18), shown in subsection 2.1, are still valid (derived for
y(1), satisfying equation (2.15) with § = ~2) for y(r) if we replace t by /2 in each
of these relations. Equations (2.19) and (2.20) have regular singularities at x = 0 and
x = 7 and an irregular singularity at x = 00, We denote them as ap, @; and 4. In
general, ¥ (x, 7) is a multivalued function of the complex variable x. Let y; be a closed
path encircling once the only singularity at a;, in the positive sense for ¥ and 4, and in
the negative sense for y. The analytical continuation of ¥ (x, T) around the singular point
a; following the path y; gives

¥ (vx) = Y )M; (2.26)

where x becomes y,x following the path y;. M; is the so-called monodromy matrix at a;.
With a convenient choice of the paths yp, y1 and y. one has

MMMy =1. 2.27)

Besides, due to irregular singularity at x = 00, we have the Stokes phenomenon.
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Let §; be the sector fx € C]-%(2j — 1) <argx < §(=2j+5)}. We denote by

¥;(x, T} the solution of (2.19), (2.20) uniquely defined by its asymptotic behaviour in
sector §;:

=L 2%
Y~ P =(1+0(x""))x I( "’“) exp (x 0) . (2.28)

The solutions ¥;(x, T) and ;41 (x, ) are connected by the so-called Stokes multipliers. In
particular we have

1 0
a(x, ) = ¥ (x, 7) ( ) (2.29)
a 1
and :
i &
¥3(x, 7) = Yalx, 7) ( 0 1 ) . (2.30)

In what follows we will be interested in the solution v {x, r) which we will indicate as
vx, 1).

The local behaviour of ¥r(x, T} near the regular singularities x = 0 and x = 7 has the
form

1{ 6
Y1{x, 1) = Go(T)}[1 + O(x)]xE( '*)Ce (2.31)
1(31 )
= G(1)1 +O(x - DIx —1)°\ 8/, (2.32)
where Gy and G| diagonalize Ag and A,
&
Ay =Gy ( 2 ;Qn) G;' = GoTGy' (2.33)
2
4 -1 -1
A =G ( 2 :221)61 =G\T\G; (2.34)

and Cp and € are the so-called connection matrices. The monodromy matrices Mg and M,
are given as

My = C5'e® ¢y (2.35)

My = C{ ey, (2.36)

From equations (2.26)-(2.30), the monodromy matrix M, is given by

MI = (1 b )e"i”(em -‘?w). 2.37)

a l1+ab

It has been shown by Jimbo [7] that if we set

" ah + 2 cos 7l = 2COS WO 0<Reo <1 (2.38)
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then the connection matrices can be parametrized as follows (o 5 0)

sin % (61 + 6o + o) —s sing (61 + 6o — o)
D(I)CID=( xsinZ (6 — 6+ o) x sin g (& — 6 — o)
—s71 1
(e—ria’./l sin % (o O‘)) (2.39)
e"? §in% (B — o) )
DOC,D =( s'u:%@l +6+0) -3 e“.’“'" sin g (B; + g —a))
—s g™ (B — By + 0) sin (8 — 6y~ o)
(c—zrio'/z sin § (B0 + c_r)) (2.40)
e"o/ ginZ (B —0) '

and for later use we set
M@ +60+a)+ UM {10 —6+0)+ 1T @u+0)+ 1T {1 o)

T{36 +6—aY+ 1T {361 —8—0)+1}T {{ (00 —o)+ 1 T{L+0))°
(241)

Gy

=35

Here DM, D@ and D are invertible diagonal matricest. The connection matrices (given
by (2.31) and (2.32)) related to these singularities, along with the 8’s form the monodromy
data which is invariant with respect to t; see [5] for a detailed description. The knowledge
of this monodromy data and its invariant nature, along with the singualarity data, has been
used to study the behaviour of y in T — 0 by Jimbo [7]; we will use a similar technique
to study the behaviour for £ — co.

3. Procedure

The Painlevé transcendent y appearing in the random matrix theory depends on an extra
parameter ¢ through the initial conditions at v = 0. To emphasize this we will sometimes
indicate this dependence explicitly.

Our aim is to determine y(7, £), equation (2.24), which is a solution of (2.15), when

T ® ¢t = 2w (c - %)e‘/ﬁ = constant 3.1

by using the information available for ¥(t — 0,¢). For this purpose (as is obvious
from (2.24)), we need to determine two unknowns Ag(t) and A;(z) under the same limit.
This further requires two equations in terms of Ag and A;. The prior information we have
about Ag and A is that they appear on the right-hand sides of (2.19) and (2.20) with
properties given by (2.33) and (2.34). The need to determine A’s in limit (3.1) makes our
job easier as then it is possible to define two functions of 1 which are separable in x and .
This, along with the PDEs for ¥ (equations (2.19), (2.20)), leads us to ordinary differential
equations of these functions whose right-hand sides contain a linear relation of A, and

T As the solution y of (2.15) depends on a fixed set of constants (&, £, y, §) which are related to 6y, ) and A
(equation (2.25)), so the #'s are independent of T; also each Painlevé transcendent is related to a particular set of
1 x 7 vpEs (i£. with a particular singularity structure).
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A; (or only one of them) and are comparatively easier to solve due to their one-variable
dependence. Using knowledge gained about the local solutions of these functions {obtained
by their relationship with ¥ {x, t, ¢) while its local solutions are given by (2.28)-(2.32))
and their differential equations, we obtain two linear relations of Ay and A;.

This can be achieved by the following steps:
(i) We first define a function ¢(x, 7,¢) = ¥(x, 7,2)Gx~4 the differential equation of
which, with respect to x, has a limit under condition (3.1). The limiting function ¢(x, t)
is separable in the variables x and T.
() Step (i) shows that ¢(x, v) has only one regular singularity x = 0 and one irregular
singularity. As the monodromy data remain unchanged under the variation in 7, we use
monodromy data (obtained by Jimbo by solving (2.19), (2.20) as t — 0) to find the local
solutions of ¢ (x, t) around the singularities in x, which further leads to the determination
of ¢(x, ) for all x (as for given coefficient matrices A; and monodromy data, there exist
only unique local solution in x).
(iii) But knowledge of ¢ (x, t) is not sufficient as it does not give us both Ag{t — 00,{ —
2/x) and Aj(r = 00,¢ —= 2/m) separately. In fact, we need to define another function

¥(x, t):
b =(C+ r)'\ e~GG/THT)y (’r—‘ +7,7,¢) (3.2)

where A is obtained from step (ii). Then, by repetition of steps (i) and (i) with v (x, t)
and its differential equation, we obtain separate values of Ag{r — 00) and A(t — 00).

4. Determination of ordinary differential equations in the 7 — oo, { — % limit
Let us define a function ¢{x, 7, ) where

$(x,7,8) =¥, T, G (T (4.1)
=¢(x, 7, O GY! @.2)

where 4,(7) and Ty are defined by (2.22) and (2.34). Recall that T} is a constant diagonal
matrix, composed of eigenvalues of A;. For simplicity of presentation, we will not be
writing the functional dependence on ¢ everywhere and assume it to be understood.

The partial differentiation of (4.1}, with respect to x, leads us to the following equation:

W, T, 0) _ 3¢, T.L)
dx - ax

A
x"'Gl +¢;‘-x""G| (4.3)

as A and T} are independent of x.

Now as our aim is to have, firstly, a differential equation only in one variable, namely,
x, and, secondly a linear relation consisting only of Ag and A;, we make the following
assumptions.

Under the limit (3.1), (i) [¢(x, 7). A|(z)] — 0, and (ii) A;(r)/t ~ 0, where (i) is
required for having a linear relation in Ag and A, and (ii) is needed for i to be separable
in the variables. Using these assumptions, it can be shown (by using (2.19)) that

1im3_¢ [M+(] 0):|¢. (4.4)

Bx= X
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Under the limit (3.1) and by using the above assumptions, equation (2.20) can be used to
show (appendix 1} that 1 (x, ) and hence ¢ (x, 7} is separable in x and r, that is, we can
write ¢p(x, t) as follows:

#(x, ) = @(x)Ga(7). 4.5

For later purposes, it is convenient to introduce a function G3(r) such that Gsp(x) =
@(x)Gy and G2Gy = Gs. Substitution of (4.5} in (4.4) shows that ¢(x) also satisfies
equation (4.4). But as ¢(x} depends only on x and not on 7, the differential equation
governing its behaviour would not contain any r-dependence, As the eqs.(4.4) and (4.5) are
the results of assumptions (i,if), the latter further leads us to the following relation {(under
limit (3.1)).

lim Ag(t) — A1 () = A (4.6)

where A does not depend on t. Equation (4.6) therefore give us one relation between Ag
and A;, but we need one more to calculate Ap and A| separately.
Let us define another function

R T G Rl CRERN) @7
where
G=(1 0) A=A(r)=—e—Gt)\.eGr (4.8)
00 - ' '

The whole idea behind choosing such a complicated-looking function lies in the following:
(i) under the limit (3.1), ¥ is separable in x and t (see appendix 2); also by using (2.20)
one can show that under condition (3.1)

Y .
9 Arlog Ty 4.9

where A; is defined in appendix 2. Thus under the same limit, ¥ can be expressed as
follows:

V(x, T, 2) = x, ) Texp [[ Ajlogt dri| (4.10)

which implies that

d(x, ) = (% n r)A e_G(f-#r),ﬂ (% +r1.7T, §) T exp [— f Ajlogr dr] @.11)

where *T" before ‘exp’ implies the r-ordering of integration.

(ii) This definition of ¢ leads us to a differential equation which contains only a function
of A; thus giving the second required relation to calcnlate Ay and A, separately. By
using (4.11), (4.6), (4.8) and (2.19), it is easy to verify that under condition (3.1)

dé the CTA(1)efTrh . A® .
& DT =114 “.12)

&

where
AP = lim e 9T A (1)e% r A, 4.13)
Thus the behaviour of A1(r) and A¢(7) under condition (3.1) can be determined by knowing

A$® and A(7). In the next section, we solve equations (4.4) and (4.12) to give us AS® and
Alr = 00).
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5. Determination of A and Af° by using the monodromy invariance property

5.1. Determination of A

As follows from (4.6), we need to determine A to know about Ag(r) and A, (7). As follows
from (4.4), (4.5), A appears in the following differential equation satisfied by @(x):

dp(x} _[A 1
4 [x + ( 0)] p(x} (5.1}

and hence can be calculated by knowing ¢(x). The latter can be written by explioting the
information about the local behaviour of ¥ (x) (as given by (2.28)(2.30)) and the following
relation (equations (4.1), (4.5)):

P(x)G3(1) = G3(r)p(x)
=¢(x, 7, {IGi{T)

=yix, 7 Ex" (5.2)
As the Stokes phenomena and asymptotic behaviour of ¥ (given by (2.28)—+(2.30))
are fixed for a given set of monodromy data (6's and connection matrices), relation (5.2)

between ¢ and 1 requires that ¢(x) should have the following asymptotic behaviour and
Stokes phenomena:

()~ ¢=G3lyx"T

—65 ot ) ) ooy

pa(x) = Gyl yax ™1,
(5.3)

Now, by using the commutability of ¢ with A; in the limit (3.1) and equation (4.1), one
can show that ¥x~7 = x~41yy. This gives us the following equality:

@2(x) = G5 lx "My

1 0

10
=G3_]¢!1X_T' (d ])

1 0
=@( ). (5.4)
a 1

Similarly one has

1 b
%(X)=902(x)(0 1)- (3.5)
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All these requirements are fulfilled if one considers the following form of ¢(x):

@) = R7W) ()R
eiTi(l-8=—61)/2 _% (o — 6,0 — 61}

X Wii—g-83/2,072 (€771) X W1 48,40))/2,0/2(%)

-1 131 —0os —6)/2
(0 +6p+61)e 1
2 it i) Wit 46,04+0/2,0726X)

W;—(x) =

X W1 4+01)/2.02 (857
o y-H2eH2 ¢o

where W;,(x) is the Whittaker function [9] and the matrix R is introduced to maintain the
same Stokes multipliers for ¢ as those of ¥ (see appendix 3). Here R is chosen to be

=5 1)

with r = a;/a, where a; and b; are the Stokes multiplier of the function W [7], namely

_ 2wi 57
al—r{a-i-smzw}r{l_c—ezﬂ—e} 5.7
I ia~71{ot1)
b = I"{Im""'emz"'e’}l"{"“amz“a } (5.8)
The behaviour near the regular singularity x = 0 is given by
H* =)
@i1(x) = R7'G (1 +0(x)x"\ °/CR (5.9)
where
%(a = =0 =1
G, = h
slo+080+6) |
. ol =Ri(o 4B +61)/2 —_Ti—
{—g}e 7l : I'—-o} (5.10)
r {1 - 0;%;91.} r {1 - M}
C)_ - ) 2 2
_r{o-}em(a—ﬂm—enﬂ o}
r {a’+3f;+ﬂ } r {0—92;_&—9 }

Now by differentiating ¢, (x) with respect to x, it can be shown (appendix 4) that it satisfies
the following differential equation

dqo _1[1( —900—8] 0'—800—61)1 (] )]
de _ p-1|1 L Ro(x), 5.11
dx N\ +bot0  6o+8 Jr L o)]FeW .11y

Comparison of (5.1) and (5.11) gives

I( —900—9] 0'—900—91)

RAR ' = - 5.12
U+6°o+91 6@"}"9[ ( )

2
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5.2. Determination of AT

From relation (4.7), it is easy to see {appendix 5) that the monodromy data of ¥ (x, T, &)
around the singularity x = O are the same as that for ¥(x, 7,¢) around the singularity
x = 1. We already know the local behaviour of v, around x = t (equation (2.32)) and the
related connection matrix Cy. Thus the Iocal behaviour of 1,7}(x, t), in the 7 — oo limit,
can be written as follows:

limy (x,, £) T exp [-—f ArlogT dt:l
= (B(X, f}
()
=GPl +O0)x*N ~H/Cy x —0)

)
=GP (1+0u))x\ /¢ (x> o0). (5.13)

Let us consider the following equation:

g 11/6 i
dp _11 5.14
dx x2( —91)‘0 ©.14)

with local and asymptotic behaviours

1{ B
$lx, )= +0(x))x§( ‘9') x—0
()
=(1+0xP)x*\ @ (x = 09). (5.15)
Comparison of equation (5.13) and (5.15) shows that
lim r“e'G’xjr(x/r +1,1) Texp [— f Mlogzt dr] = GP(x)Ch. (5.16)
If for further simplification, we redefine ¥ as follows:
7 (LN eCwngy (F -1
Penn=(S+7) e Ry (X +7,7¢)R 5.17)

thep the expressions of appendiges 2 and 3, dealing with the behaviour of ¥ (defined
by (4.7)), still remain valid for ¥ defined by (5.17), except that the definitions of A and
A$°® are now given as follows:

AP = limthe 0" RA ()R 10 7 (5.18)

where A is defined as

A =—e"C"RAR 10T, (5.19)
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The connection matrix C; around the singularity x = 7 is given by (2.39). As was shown
by Jimbo [7] for the T — 0 case (around equation {3.10) of his paper), for C; to have a
form like (2.39), G, and C; should have the form

oo L 3¢ %) wis & 3@ +6-0) G -6, *)
TN+l /N1 —i (o +O+0) (B8 —0)
b
=1 (a ) (5.20a)
o\c d
and
=C{=8)C(1—c) =S (~8) (1o ) o+80) /281
| TG&-a-e))T(-1@+6+e)) T(Lt6o—8 +0))T{~ 1 (Bo+6, —0)
Cr= —e~™ (@) {1—e) —e= I (B C(1 =005 (0+80)/281
T+ 8 +8—0))F(1-3 Bs—81+0)) {1+ 5 +o+o))F(1-§(Go—t—0))
—T(=0) -zi(Zm) _—I-on
RN G 2 5.20b
—I@) i) Fia) (5.20b)
() NE
where
-2 60)/2 8 8
= U+ +0/D G x (” T %o T'(o) B =2(1—0 —8)l(c).
(1 -0 —6) 2 2

Using relation (5.16) in (4.12) and comparing with (5.14) gives the following result:
91/2 -1
A% = Gy G) . 5.21
r=or("?, ) s2n

Using (5.20), (5.18) and (5.12), we get the following result:

& r—=co Rl A B & 0)(D —-B
A+ 57 (AD-BC)(C D)(O o/\cc a )R

& AD —AB
=pt— 5.22
R (AD—BC)(CD —CB)R ¢22)
where
A= rafz (aer + C) — r_"/?‘ (_waet -+ C):l
(0 — B0 — 1)

{0 — B — 6)

T (——— {ae" + )+t ——m(a_ew_el)ac +c

(5.23)

B= [r“ﬂ (be’ +d) — 7712 (mwbé + d)]

£°/? (————'rj + e +31) (ae’ +d) + 7o (--—-———(a FOut gl)be‘ + d)] .

0 — B — & (0 —6x—6))
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Here a, b, ¢, d depend on § and can be obtained from relation (5.20a). This gives Ao(7),
as follows, in the limit 7 — co:

Ao + 9—2"1 =R [ ~Bot8)/2 (0~ 80 —6) /2]

(0 +8.+6)/2 Be +61) /2

8 l:AD —AB}+[9";—"1 2 524
cp ] ' ©.24)

+ (AD - BC) ~CB fﬂ%ﬁh

Using (5.22) and (5.24) in (2.24), we get

7y "2 B [(Bp — 80) AD — (90 — 80 — 261) BC]
D[26,AB — (0 ~ 6o — 61) (AD ~ BC)]

(5.25)

Equation (5.25) gives us athe symptotic behaviour of y(, ¢) in terms of two unknowns
o and §. But as o and § are part of the monodromy data, and are thus constant with respect
to 7, they also appear in the y(r — 0,{) solution given by Jimbo [7]. But Mahoux and
Mehta [1] have obtained the solution of {2.10), i.e. 8, in the limit (r — ) and in terms
of only one parameter, namely £. Then, by using equations (2.13) and (2.14), they also
calculated y(z — 0, ¢). Thus the comparison of the two solutions of y in the v — 0 limit
will give us ¢ and § in terms of one parameter £, which, on substitution in (5.25), gives us
the one-parameter solution y(t — 00,¢).

6. Determination of the constant ¢:; by using the y(T — oo) result of P53

The behaviour of y.(7), and y(z) near T = 0 for the values of (o = ﬁ,ﬁ = —%.y =
0,8 = --2‘-) is given as follows [1]:

r\'"? T
yr(’r)=1+2(E) +2(~2~E)+--- (6.1)

wt) ==1=20¢t/2)? =2@r/2* +--- . (6.2)

Any one of the above two P5’s can be expressed in terms of the other. The calculation
of &; ¢an be made by comparing the results for y(r — 0) (obtained by Jimbo [7])
with equations (6.1) or (6.2). This determines the unknown constants o and § m (5. 24)
Relation (2. 25) gives four sets of values (8, 81, 8c0) for (@ B,7,8) = (35, ~5,0, ~3),
namely, (2, 2, ) ( 4,0), (ﬁ, %,O). For the calculation of «/, let us choose the set
(0. 61, 600} = (4, % 0). Then y(r) (obtained from Jimbo’s result for Ag(t — 0), A,(r =

0 is
(1-0) [(%—a)z“(i)z]_ N
B 2[““0 [@m’-&f]] T 7

Comparison of (6.1) and (6.3) gives o = % and § = —3//2Z. y(r) inthe v — oo limit
can now be calculated (by using ‘Mathematica’ symbolic programming software) and, for




Connection problem of a fifth Painlevé transcendent 3191

calculating ¢, can be expanded in terms of (¢ — 2/m)
20488,e”° 40968, y2 {(—21./7 +648;) e
=1 + [( ﬁ]e b4| IB”'I[ ( ‘\/_ ﬁ[) +0(e-t)3)f_l

3 (347 — 3261) 15 (34/7 - 328)°
+ 0 (1:‘”2)3}
. [(512(11)3/251)/18" | 307228y} (/7 + 3281) 7
(=347 +328,)° 5(-347 +328)°
+ 0 (e'r)a)r_l
—r 2
. (ssszczr)mﬁl pe ) 0 (r-uz)‘*] (r-2)+o(:-2)
(—3/7 +326) i g
—1+H 6.4)

where 1 = —11./7/+/2, and 8 = (%)ﬁ . But from (2.18) and (6.4), we have

e~ TJ/T e'+/2
(+8) (’“mw;-g zfza] c—-— +,,Z[°“ (f“) f] R”(E))

eTT VE 2y e e
T B - B G- D) 2[ (c ﬂ) «/?] ®(3)
(6.5)

Substituting the value of H, neglecting all terms containing e and comparing coefficients
of terms containing the same powers of e®, v and ¢ on both sides gives &y = /7 /8.
This value of ¢ turns out to be same as that guessed by Mahoux and Mehta [1]. This now
completes the determination of §(¢, ), and hence the spacing distribution of the eigenvalues
of random matrix theory in terms of all known constants.

Appendix 1. Proof of separability of v

Equation (2.20) reads

P, 1) _ A1)
= x, ). (AL1)

Integration of the above equation with respect to T leads to

¥ix,7) = h(x) T exp [— f (‘:‘_(Tr)) dr] (A1l2)
2
= h(x) Texp U A‘f) (1 + i“r- + % +. ) dt] (A1.3)

= h(x) T exp [Zx""] f Af) dr:l (Al.4)
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where ‘T’ before ‘exp’ implies r-ordering, where &(x) is defined by the initial conditions
on ¥(x, 7). Now under the assumption that 242 —, 0, the terms with n > 1 in the
sum appearing in the exponent of (Al.4) can safely be dropped. This leaves us with the
following form of ¥ under the limit (3.1):

W(x, 7) = h{x) Texp [ f Ai(z) dr]. (AL5)

T

Hence it is obvious from (A1.5) that in the limit (3.1) ¥ (x, ©) can be separated in terms of
the variables x and 7.
Appendix 2. Proof of separability of ¢
We have

= _(* A —Gljreny,, (X

Flx, 1) = (r +1) e v (Z+nng) (A2.1)
where the function ¥ (x/7 + 7, 1, {) satisfies the following equation:

ayr [ Ag(T) + A1(7) +G]¢' (A2.2)

dx/t+1) LGfT+D | x/t
3y _ A}
—3? = __x/r Y. (A2.3)

It is obvious from (A2.3) that the function ¥ (x /T 4+, 7, £} is separable in x and 7. Also,
as in the limit 7 — oo the function (£ + t’))A — 74 and the function e~C{i+7) o g=G1
it is therefore clear that the function ¥ is separable in x and 7 in the limit 7 — co. Again

v (x, 1) _ 8 l:(i + T)A e~Cla/THD)y, (% +T.T, é-)i| (A2.4)

8t B8t |\r
= Aglog(x /7 + )¢ + (?7;:)' (—'%x; + 1) v
. (5 . T)A (HG)(_;JCE + T)euG(x/H:)w. (; +1,7, ;)

x A G/ 9y  (x/r+ 1) %]
+(T+r) e [8(x/r+r) Tt (A2.5)

where

1 dA
Ay =f A ——r"A dr,
o d'i.'

Substituting (A2.2) and (A2.3) in (A2.5), and taking the limit (3.1) leads us to

T Alogz+ = [-A+ 70 (Aof) — AN TN B, (A26)

By using (4.6} and (4.8) in (A2.5), we get
oy x
5 = [AilogT] . (A2.7)

_ It therefore follows from (A2.7) that, in the limit (3.1), one can write Vo=
¢{x) T exp( f Arlogt dr) = Texp(f A1logt dr)¢(x) where the matrix ¢(x) is assumed
to commute with A;.
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Appendix 3. Derivation of equations (5.4) and (5.5} using the Stokes phenomena of W
{equation (5.6))

The behaviour of the function @(x) in various sectors can be written as follows
{equation (5.6)):
or(x) = R\WiR (A3.1)
©2(x) = R'W2R. (A3.2)

But as ¢, and b are the Stokes multipliers of the function W, the relation between its
solution in sectors 1 and 2 is given by

1 0
Wa(x) = Wi(x) ( ) - (A3.3)
ay 1
This further implies that
-1 -1 a1 0
R-IW,R = R™'W,RR ML (A3.4)
a1
-1 1 0
=RTWR . {A3.5)
a/r 1
Now as % = g, this, along with equations (A3.1) and (A3.2), gives the following equality:
1 0
¢2(x) = @1(x) . {A3.6)
a 1
Similarly by using the following relation between the solutions of W in sectors 2 and 3:
1 5
Wi(x) = Wa(x) 0 1 (A3.7)

one can show that

1 b
ws(x)=<oz(x)(0 1). (A3.8)

Appendix 4, Verification of equation (5.11)}

The Whittaker function Wy ; can be expressed in terms of the hypergeometric function
H(a, ¢; —x) as follows [9]:

Wi s(e™x) = e/(—x)*H(a, c; —x) (Ad.1)
where @ = 3 —k + s and ¢ = 25 + 1. Using equation (A4.1), it can be shown that

dWa-ns2s2

d
ax = a[e.!c."Z(__._x)(s+1)/2HT((k +5)/2,541; --x)] (A4.2)
= e"’z(—x)(””ﬂ%H((k +5)/2 541 mx) g S DW

5 » (A4.3)



3194 P Shukla

But
%H(a, c; —x) = _E%f(—:)—l—)ﬁ(a Fle41;—x) (Ad.4)
and
xHa+l,ce+ l;=x)=(c—a~1DH{@+1,¢;—x)+ H{a, ¢c; —x)}. (Ad.5)
Using these relations in (A4.3), We get
dWa-ryzsp _ +k) S +E)(s—k) Wa-ry2.502
dxm = o Wa-kjasn T o 5 W-t+iy2s + %
(s 4+ DWa_nszsn
+ i , (A4.6)
Now if we denote ¢ (x) as
o) = (al a2 (A4T)
= e ;
then
dal dr g - i
E = a}[em“ Foo el)IZW(]_em_al)ﬂ_g/z(C ’”x)], (A4.8)
_ (o =0 — 61} (0 + 8 + 61) al  (@+1)
= o a3 o al + 5 + P al. (A4

But this is also the behaviour of the differential equation for a1, given by equations (5.6)
and (5.11). In the same way one can obtain differential equations for a2, a3, a4 and show
that that they match (5.11).

Appendix 5. Monodromy data for %P

Let us consider the function
3 _{* A _Gaterny, (X
y'f(x,T,C)—(r‘*'l‘) ¢ w(r-}-r,r.;)

= e 0y (7,1, ) (AS.1)

where £ = x/t + T. 3
The local behaviour of ¥ (x, 7, {) around x — 0 can be written as follows:

Px = 0,1, =10y @F—>r1,1.0). (A5.2)

Now by using (2.32), the local behaviour of the function (¥, 7,¢) around the
singularity ¥ = T can be written as

¥{F, 1,8) = G (@)1 + OF — 0))(F — Y¢y (A5.3)
= Gi(1) [1 +0 (;)] (;)T’ ol (A5.4)

=G NGy (A5.5)
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Thus substitution of (A5.5) in (A5.2) gives us

Y = 0,7,0) = %796 ()TN CL. (AS.6)
Note that in both (AS.5) and (AS5.6), the eigenvalue matrix 7} and connection matrix €y

is the same. Also, the behaviour of ¥, when taken around the singularity x = 0 in the
complex x-plane, can be given as

Fre™, 7, 1) = the” %G (r)r Tx TPy (A5.7)
=[r2e %G (v xT Gy e TGy (A5.8)
= ¥(x, T, )My (A5.9)

Here M; is monodromy matrix of ¥ (x.7,{) around the singularity x = 7, described
by (2.36). Hence, the function v (x, 7,¢) has the same monodromy matrix around the
singularity x = 0 as that of y(x, 1, ¢) around the singularity x = 7.
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